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In this paper we obtain a new class of multivariable integral inequalities of Hilbert
type. By specializing the upper estimate functions in the hypothesis and the parame-
ters, we obtain many special cases, which include, in particular, the integral inequal-
ities derived recently by Pachpatte. © 2001 Academic Press
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1. INTRODUCTION
Hilbert’s double series inequality and its integral version [3, Theorem 316]
have been generalized in several directions (see [1–6, 8, 9]). Recently,
Pachpatte [10–12] considered inequalities similar to those of Hilbert. A rep-
resentative sample is the following.
Theorem 1.1 (Pachpatte [10, Theorem 1]). Let n ≥ 1 and 0 ≤ k ≤ n−
1 be integers. Let u ∈ Cn0 x and v ∈ Cn0 y, where x > 0, y > 0,
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and let uj0 = vj0 = 0 for j ∈ 





s2n−2k−1 + t2n−2k−1 ds dt
















n− k− 1!22n− 2k− 1  (1.2)
The purpose of the present paper is to derive a new class of related
integral inequalities from which results of Pachpatte in [10–12] are obtained
by specializing the parameters and the functions i in (3.1) below.
2. NOTATION AND PRELIMINARIES
The symbols , ,  have their usual meaning; + denotes the interval
0∞. The following notation and hypotheses will be used throughout the
paper:
I = 
1     n n ∈ 
mi i ∈ I mi ∈ 
ki i ∈ I ki ∈ 
0    mi − 1
xi i ∈ I xi ∈ , xi > 0
pi qi i ∈ I pi qi ∈ +, 1/pi + 1/qi = 1
p q 1/p =∑ni=11/pi, 1/q =∑ni=11/qi
ai bi i ∈ I ai bi ∈ +, ai + bi = 1
wi i ∈ I wi ∈ , wi > 0,
∑n
i=1wi = 1
αi i ∈ I αi = ai + biqimi − ki − 1
βi i ∈ I βi = aimi − ki − 1
ui i ∈ I ui ∈ Cm′i0 xi for some m′i ≥ mi
i i ∈ I i ∈ C10 xi, i ≥ 0.
Here the ui are given functions of sufﬁcient smoothness, and the i are
subject to choice. The coefﬁcients pi qi are conjugate Ho¨lder exponents
to be used in applications of Ho¨lder’s inequality, and the coefﬁcients ai bi
will be used in exponents to factorize integrands. The coefﬁcients wi will
act as weights in applications of the geometric-arithmetic mean inequality;
this will enable us to pass from products to sums of terms. The coefﬁcients
αi and βi arise naturally in the derivation of the inequalities.
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The key to the results derived in this paper are the inequalities (3.1).
Such inequalities are always available with some continuous nonnegative
functions i provided the ui are sufﬁciently smooth and their derivatives
at 0 satisfy certain conditions (vanish).
3. THE MAIN RESULT
The theorem of this section forms an abstract basis for obtaining a class
of concrete inequalities by selecting suitable functions i in (3.1); as noted
above, such functions i always exist under suitable hypotheses on the ui.
Theorem 3.1. Let ui ∈ Cmi0 xi for i ∈ I. If∣∣ukii si∣∣ ≤ ∫ si
0



























i=1αi + 11/qiβi + 11/pi
 (3.3)
Proof. Factorize the integrand on the right side of (3.1) as
si − τiai/qi+bimi−ki−1 × si − τiai/pimi−ki−1iτi
and apply Ho¨lder’s inequality [7, p. 106]. Then∣∣ukii si∣∣ ≤ ( ∫ si
0













si − τiβiiτipi dτi
)1/pi
































In the following estimate we apply Ho¨lder’s inequality and, at the end,















































xi − τiβi+1iτipi dτi
)1/pi

This proves the theorem.
























xi − siβi+1τipi dsi
)1/p
 (3.4)
where U is given by (3.3).














The corollary then follows from the preceding theorem.
In the following sections we discuss various choices of the functions i.
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4. THE FIRST INEQUALITY
Theorem 4.1. Let ui ∈ Cmi0 xi be such that uji 0 = 0 for j ∈




























i=1mi − ki − 1!αi + 11/qiβi + 11/pi
 (4.2)





mi − ki − 1!
∫ si
0
si − τimi−ki−1umii τidτi
Inequality (4.1) is proved when we set
isi =
umii si
mi − ki − 1!
(4.3)
in Theorem 3.1.
























xi − siβi+1umii sipi dsi
)1/p
 (4.4)
where U1 is given by (4.2).
We discuss a number of special cases of Theorem 4.1. Similar examples
apply also to Corollary 4.2.




























i=1mi − ki − 1!qimi − qiki − qi + 11/qi
 (4.6)
Example 4.4. If ai = 0, bi = 1, qi = n, wi = 1/n, pi = n/n − 1,















x1 · · ·xn






xi − siumi sin/n−1 dsi
)n−1/n
 (4.7)
For q = p = n = 2 this is [10, Theorem 1]. Setting q = p = 2, k = 0, and
n = 1, we recover the result of [12].





























Example 4.6. Set ai = 1, bi = 0, qi = n, wi = 1/n, pi = n/n − 1,
























Example 4.7. Let p1 p2 ∈ +, 1/p1 + 1/p2 = 1. If we set n = 2, w1 =
1/p1, w2 = 1/p2, ki = 0, mi = 1 for i = 1 2 in Theorem 4.1, then by our
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x2 − s2u′2s2p2 ds2
)1/p2
 (4.11)
which is [11, Theorem 2]. (The values of ai and bi are irrelevant.)
5. THE SECOND INEQUALITY
A different choice of the functions i will yield a new class of inequalities.
Theorem 5.1. Let ui ∈ Cmi+10 xi be such that uj0 = 0 for j ∈



































where U1 is given by (4.2).


















By Ho¨lder’s inequality,∫ τi
0






and inequalities (3.1) hold with
iτi =
1










The theorem is then proved by an application of Theorem 3.1.
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where U1 is given by (4.2).



































where U1 is given by (4.6).
Example 5.4. Let ai = 0, bi = 1, qi = n, pi = n/n − 1, wi = 1/n,
















x1 · · ·xn



















For q = p = n = 2 this is [10, Theorem 2].
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where U˜1 is given by (4.9).
Example 5.6. Set ai = 1, bi = 0, qi = n, wi = 1/n, pi = n/n − 1,





































Example 5.7. Let p1 p2 ∈ +, 1/p1 + 1/p2 = 1. If we set n = 2, w1 =
1/p1, w2 = 1/p2, ki = 0, mi = 1 for i = 1 2 in Theorem 5.1, then q1 = p2,







































This result is parallel to [11, Theorem 2].
6. THE THIRD INEQUALITY
Theorem 6.1. Let ui ∈ C2mi0 xi, ρ ∈ Cm0∞ with m =
maxi mi, u
j
i 0 = 0, and ρsiumii sij = 0 at si = 0 for
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j ∈ 

























































































∣∣ρσiumii σimi∣∣pi dσi)1/pi 
where
W = 1mi − 1!mi − ki − 1!qimi − 1 + 11/qi

The result then follows from Theorem 3.1.
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where U3 is given by (6.2).







































Example 6.4. Set ai = 0, bi = 1, qi = n, wi = 1/n, pi = n/n − 1,
















x1 · · ·xn

















For q = p = n = 2 this becomes [10, Theorem 3].
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[mi − 1!mi − ki!qimi − qi + 11/qi]  (6.8)
Example 6.6. Set ai = 1, bi = 0, qi = n, wi = 1/n, pi = n/n − 1,
















x1 · · ·xn
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